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vector i = (1,0), and using only the*se operations, we-can- 



I. INTRODUCTION 

iThls module was, developed to'provide an application; 
o^f matrix mathematics in chemistry, and to show the con- 
■-cep^s* of linear independence and dependence* in vector 
.spaces of dimension greater' than 5'in a concrete* se,t,t*ng. 



In balanciag a chemical reaction such-as' 
■ * i 

% Pb(N 3 ) 2 +-Cr(Mn6^) 2 - Cr^O, + MnQ 2 . 



Pb.-O. 



NO 



•we seek positive integers u,v,w,x,y,z] which' have no com- 
mon divisor other than 1, 50 that 

^(u)Pb(N 3 ) 2 +(v)Cr(Mn0 4 ) 2 ^w)Cr 2 0 3 +(x)MnO 2 +(y)Pb 0* +(2)N0. 

We say that the equation or reaction is balanced when the 
plumber of atoms of each . chemicai element involved is the 
•same on each side of the re'action. For example here , 
for tfce element Pb (iead) , 'there -are u atoms on the left 
side (the veactant side) of the reaction, and 3y atoms of 
Pb on'ttte right side ( the : pr>odubt side).. The 3 in the 
^£erm 3y comes from the fact that there are 5 adorns of Pb 
in each Vb^O A molec^re. For" the reaction to be balanced 
we must. .have u^ = 3y. In the same yay» we count the re- 
spective number of atoms on. both sides of the' reaction * 
for the other chemical elements N, Cr„ Mn/and 0, and 
obtain a linear system of equations*. The setting Up of 
this "system and its solution by matrix methods will be 
examined in detail in Section 4.1. 



/ 



2. 



BACKGROUND: 



MATHEMATICAL AND CHEMICAL 



2»1 Vectors in Two and Three Dimensions * 

.Consider the operations of vector addition and sca- 
lar multiplication id the Euclidean plane, R 2 \ where 
(x,y) + (x^,y')"= (x + x',y + yT*nd r(x,y) = (rx,ry) 
for any (x,y ) , (x 1 ,y • ) e'R 2 ', r c R. Starting with the 



6 



or "construct" any vecto'r.in R 



of the form (r , 0) , 

^2 



' "build' 

r t R. However, to genera t'e 'evejy- vec tor (x,yi In R £ we 
need an additional vector slich as j = (0,1)„ which i-^not 
a scalar multiplexor 1. \\e cannot *c©ns true t any vector 

t ^with nonzero 1 second component by applying our given oper-. 
Jtions onl»y to r = (1,0). For instance," it is impossible-* 
to express the vector {0,4) as a sum of scalar multi- 

• ples^ oi 1 ?«(1,0). ** \ • 



In like- manner, starting with th,e vectors i = (1,0',0) 
and j = (0,1,0) in Euclidaan space, R 3 , and using the 
standard operations of vector addition an«d scalar multi- 
plication in R 3 , as we did in R^ , ' we can form ajiy vector 
in the ,xy-plane , that is, all vectors whose third compo- 
nent is 0. However, once again, to be able to construct 
every vector (x,y,z) of R 3 we need an additional vector 
whbse third component is not zero. With k = (0,0,1), and 
i and j as above ,-,we can form any^vecto^r in Eucli-dean 
space uSing vector addition andVscalar multiplication.* 
.We could not', nave done this with just i and j, for it> is" 
impossible to "decompose" tfre vector .tk into a linear com- 
bmation,* rji + r 2 J , of the vectors i and j, with 
r 1 and r 2 e R. We might also say tfiat the vector k js 
not dependent upon i and j or that the vectors i,J and k 
are linearly independent. *- 

\ 



2.2 A Word About Chemical Elements 

^ In this "section we" shall see that the word "decom-/* 
pose" which appears in the last paragraph of Section 2.1 
was specifically chosen for its suggestive value. ' V* 

In the science of chemistry the term ptfre substance 
is used to describe any variety of matter Which has%a, " 
recognizably definite composition artd posses ses specif ic 
properties. The chemical reaction. of decomposition is 



one in which such a pure substance breaks .down to yield 



simpler forms of matter* Many of the Substances known to 



or 

scientists do this, and release or absorb as much energy 
as 30,000 calories per gram in the , process . , (Processes 
that involve , c ha rrges in the nu'cleus of a chemical element 
may result in "even higher energy changes: This kind*of 
Te*action is termed nuclear rather than chemical , e ) Among 
. all such pure substances^ those tnaf do not bre^k-^down at 
all within the energy range mentioned, or that^give only 
one final product, as in the decomposition of ozone into 
oxygen, are called the elements. As of 1970 there were 
105 known efements . (clement 105, Hahnium, chemically 
denoted Ha, was discovefed in that year by the team of 
Ghior^o, Nurmia; Harris , 'K.A,Y. Eskola, and P.L. Eskola.) 
Elements are considered to be the chemical building blocjks 
for forming all other substances; t*he smallest chemical 
unit of any such element being called an atom. * 

s 

•3. SOLVING LINEAR SYSTEMS: . 
THE INVERSE MATRIX METHOD 

* # - " * * * 
One of the main topics covered in a first, course in 

'matrix algebra is the solution of a system of linear equa- 
tions by way of techniques such as elementary row opera- 
tions., Cramer's rule or the inverse .matrix method. We 
shall find the inverse matrix "method most suitable for 
our applications in Section 4." ^ 

Jhe method ca'n be described as follows: given a 

* * ' 

system of linear equations s'uch as 



a n k 1 


a l2 x 2 


+ - a 13 x 3 


• hl '/' 


a n x i + 


a 22 x 2 


+ a 23 X 3 


= b 2 , 


a 31 x l + 


a 32 X 2 


* 3 33 X 3 


= b 3 : 



we can write this system in matrix form as 



3 





a ll 


a 12 


a 13 




X r 






AX = B, where A = 

• 


a 21 


a 22 


a 23 


' , X - c 


x 2 


S B =« 






931 


a 32 


3 31 




, X 3. 




_ b 3. 



In elemexit-ar^ algebra, if a and b are real numbers, 
and a 4 0, then the solution of the equation 



ax 



is 



a" 4 b. 



We would like to^ expand this idea to the matrix equation 
AX = B, where A,B are matrices of real numbers, and be * 
able to conclude that the solution is X = A*B. Here,' 
however, we need more than just A 0 . We need*det A ^ 0, 
where det A is the determinant of the matrix A. One finds 
t^is to happen when the linear system is independent , that 

is, when none of the equations in the system can be"*ot?- 
tained by combining multiples of some of the other equa- 
tions. 

s 

4! BALANCING' CHEMICAL REACTIONS 



. 4.1 The Computer Supplies a Readily Recognizable Answer 

- -y - r 

Our first problem reads as. follows: The re'action^ of 
lead (II) azide and chromium (II) permanganate in produc- 
ing chromium (Til) oxide, manganese (IV) 'dioxide,- trilead 
tetroxide, and nitric oxide is given by the chemical 
equation * t 



(1) 1^b(N 3 ) 2 + Cr(Mn0 4 ) 2 + ^ 2 °3 + 



MnO. 



Pb 3 0 4 ♦ NO. 



(basic \solution) , 
a- reaction involving 3 oxidations and 1 reduction. 



Before we tackle the problem of trying *tb balance - 
^ this* equation, let us reconsider the idea of linear, inde- 
pendence of vector-s in a chemical setfing. "Just as we , 
Could not create ;the vector k = (0,0,1) from the vectors' 
i = (1,0,0), j = (0;1,0) in Section '2 . 1 , in'dealing with 
the* at^'ove chemical equation, we know for instance, that 
we cannot create Pb from N and 0 or any other" combination 
of elements from among N, O, Cr, Mn.. TMs* if inherent in 
the very nature of a chemical element, and we may thus' 
view the elements, involved, in the chemical redaction as 
independent vectors in R 5 . .We shaif make the following 
atom assignments involving tne problems 

Pb = (1,0,0,0",0) * / ,Mrf » (o;o,o,i,o)? 

9 N - (0,l\o,0,0), Q.= (0,0,0,0,1). 

* Cr = (0,0,V,0,0) , 

The* basis ^for this idea can be found on .'pp. '26- 27 of [2], 

To balance the equation/ 

(2) Pb'(N 3 ) 2 + Cr(Mn0 4 ) 2 -.Cr 2 0 3 + MnO^ + Pb' 3 0 4 * + NO ^ 

• (basic solution) , 

'we* must find integers a, v ,w,x ,y ,'z , with no "common integer 
divisors other than + «1 ,» so that 

(3) fu)Pb(N^2 ; (y)Cf(Mn0 4 ) 2 ^ 

"■- (w)Cr 2 0 3 * (x)Mn0 2 + (y)I% 3 0' 4 +-(z)N0: 

Using the vector a^s ignments jabove we replace the 1 
chemical equation f3) by the vector equation « » 

(4) u(l,6,0,0,0) + .v(0,0,l,2,8) = w(0 /0 ,2 , 0 , 3.) + 

x(0,0,0',l,2) + y(3,0,0,0,4) + z(0„ 1 ,0, 0 . 1 ) , ♦ 

wheje, for example, U,6, 0,0,0) represents the lead (II) 
azide molecule, Pb(N 3 ) 2> 'since, it is* made up of 1 atom of 
Pb and 6 atoms of N, and using vector addition and scalar 
multiplication (l,6,o;,0,0) = 1 (1 , 0 , 0 , 0', 0) + 6(0,1,0,0,0). 

5 
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(5) 



or , 



X6) 



Since* vectors are equal only w'hen all corresponding 

components <are equal, by equating, the first t hroueh^i f th 

com{)qnents;in equati'on (4) we get the following system of 

5 equations 'in 6 unknowifs, * \ * % 

n ■» 

u + Dv = Ow + Ox + 5y + Oz 

• f 6u + Ov * Ow + Ox +* Oy + z 

Ou +. v = 2w + Ox + Oy + Oz ' 

Ou * 2v = Ow '{ x + Oy + Oz 

Ou + 8v = 3w + ,*2x + 4y + z « T 
• * 

Ov + Ow + Ox + 3y + Oz = u 

Ov + Ow + Ox + Oy + z = §u * 

-v + 2w + Ox + 0y.*+ Oz = Ou ' l " . ' 

* * * ** 

* * ° t * * ~ • 

-2v + Ow + x + Oy + Qz = Ou* "y » 

« > « a • • • 

' , , -8v" + 3w + 2x + 4y t+ z *=. Ou . «\ * , 
' * 

Thejre ar-e infinitely many solutions of-this system. But 
,fr<Jm a chemical" viewpoint this is -in. keeping -with* our 
experience, for if we 1 have one solutrqn that balances the 
'chemidal equation (3), any positive integer multiple <SfL_' 
it yields another solution. Also, before proceeding-, it 
should be poipted ov^t that 1 the techniques ^developed here . 
work for our chemical reactions because they are e^ctri- 
caliy balanced/ " ' \ 

m Since we are. not interested in the general solution, 
let jas find t?he unique solution corresponding to u*= 1. € * 
In^matrix notation this will take the following form 



(7) 





.0 , 


>0 


v 3 


0 




^ v " 




~ 1 " 


•o * 


0 ' 


0 


0 


•r. 




w 




6 


•1 


2 


0 


0 






X 




0 




0 


• 1. 


0 


0 




y . 




0 


-8 * 


i 3 


- 2 . 


4 


1 




z 






• 












t 

X 







6** 



*vso that 



(8) 









~ 0 


0 


0 


0 


0 


0' 


-1 


2 


"0 


-2 


0 


- 1 


-8 


3 


2 



-n -1 r- 



The solution is immediate 'on££ we get the inverse of the 
given 5><5 matrix. Nowyrflthough one can fjnd an"? inverse* 
for a square* ma-trix 'Aj^bere det A ^ 0, by such methods 
as elementary row operations as found in Chapter^ of [1], 
or by use of the adjoint as described in Chapter 2 of [1] ; 
it is at this point that we shall use sojne computer assis- 
tance via*,the following BASIC-PLUS program: 

10 REM THIS PROGRAM IS USED, IN BALANCING CHEMICAL EQUATIONS 
20 DIM A(S,S) ,B(S,1*) ,1(5,5) ,-S(5,l) 
30 MAT READ A , B 
40. MAT I s 1NV(A) 

50 MAT S = I*B , " 

60 DATA 0*,0, 0,3,0 / * 

70 DATA 0,0,0,0,1 * 

80, DATA -1,2,0,0,0 , 

90 DATA - 2, o; 1,0,0 

10*p DATA .-8*3,2,4,1 

110 DATA 1,6,0,0,0 

• 120 PRINT »V=";S(1,1) , M W= S ( 2 , 1 ) > X* S ( 3 , 1 ) ,»Y^= M ;S(4,1) , 

* "z=";S(5,n ^ 

130 STOP * \ 1 ; 

140 INPUT "K - "; K_ . 

150 DIM T(5,l,) \ 

160 MAT T = (K)*S ■ , 

■M0. PRINT "U- ,r ;K,"V=^;T(l,l),"W=";T(2,l),"X= , »;T(3,l), 

• tnr= M ;T(4,l) , ' 
180 PRINT "Z= M ;T(5-, 1), - aS 

190 -END • . ... x • ' * m *. , 

• • - «* 

Read);. 

s 

' RUNNH ' 

V* 2.93333 W= 1.46667 ' X= 5.86667 Y= .333333 tZ=*V 
Stop at line 130 * 1 ' 

» 

Ready , * ; 



ERJC 
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>This program uses matrix operations that are available 

'in BASIC or BASIC-PLUS. An excellent explanation of 

these^com-puter matrix operations can be found in Chapter 

10 o v f [4]. (The program here and all others found in 

this moduf(> were run at the Rose-Hulman Institute* of 

Technology on a DEC PDP~ 11/70 using the RSTS version 7 

operating system.) 

■ • 

At this point we must be'prepared to recogni-ze 

0.03333 as 1/30 and 0/06667 as 2/30. So to express .the" 

answers .in integer form we shall perform the scalar mufti 

plication at line 160 by inputing the value of K at line 

140 as 30, the least ^common denominator for all fractions' 

involved. Upon typing CONT we get the following outp.ut. 

C0NT. 
= ? 30* 

0 U= 30 V= 88 W= fiA X= 176 Y= 10 

2= 180 

Ready 

» 

Dividing each coefficient* by 2 we find the equation ■ 
balanced as follows: * ^ 

(9) 15 Pb(N 3 ) 2 + 44.Cr(Mn0 4 ) 2 + ' 

22 Cr 2 0 5 +"88 Mn0 2 + # 5 Pb 3 <3 4 - + 90 NO. 

In some balancing problems, .it is'possible to reduce 
the' number of independent vectors involved if»we can find 
a radical that does not break down in the* reaction. 
The £N in the reaction «, 

. KCN + KMn0 4 KCNO + Mn0 2 

is^ a case in- point . «- Instead of assigning a 5-dimens ional 
vector to each of K, C, N, Mn , and-0 to balance this 
'equation, we* may assign a 4-dimensional vector % to each of 
K, Qf, Mn, and 0. Th is 4 S impl if ies the problem. 



J- % 

4.2 The, Computer-Supplies an Answer Which Is Not Easily 
Recognized 

If 'we compare the 5 x 5 coefficient matrix in Equa- 
tion (70 with the equations in (6),| we see that the col- 
umns of the matrix are the vector rlppf esentatiorts of the 
molecules other than the first react^'T"' The minus sigrvs 
occur in the columns for rhe other reUctants. The -product 
.molecules have all. positive components in *tl\eir respective 
columns.- The 5 * 1 column matrix o£ constants in ,(7) re- 
sults from the vector representat-ion of the first reac- 
taht/Pb(N.) . • • 

- • 

We shall now consider a secand problem which will 
give us. an opportunity* to extend our use of matrix oper- 
ations in BASIC-PLUS to the MAT INPUT statement and will 
employ the transpose of a matrix. This particular prob- 
lem will provide us with techniques to consider when the 
output does not yield decimals who»se equivalent fractions 
arenas obvious as in the first problem we considered. In 
addition, the program below is mojre general and can be 
used in balancing other electrically balanced chemical 
equations. * 

Here we^ shal 1 v consider the chSmicat reaction • ■ 
(10) H 2 S0 4 + MnS + As 2 (Cr 2 0 ? ) 5 - 
V ' 

* HMn0 4 + AsH 3 * Cr 2 (S0 4 ) 3 + J^O . 
+ ' * 

(This involves 2 oxidations and 2 reductions.)' * / 
We assign the following vectors to .the atoms: 

H*= (1,0,0,0,0,0), Mn = .(0,0,0^,1,0,0), . 

s * (0,1,0',0,0,0), - As = (0*0,0, 0,1,0), 
« 0 = (0,0,1,0,0/0), Cr = '(.0,0,0,0,0,1) .* 

To balance the chemicaT reaction (10) we need to find 
integers t ,u, v,w,x,y , z , 3s .in* Section 4.1, .so that 



(11*) t(2,l ,4,0,0,0) + u(0,l,0,l,0 t 0) # + v(0,0,,35,0,2,10) < 

/ u{l ,0,4,1 ,0,0)' + x(3,0,0,0,i;0) ,+ 

y(0',3,12,0,0,2) + z (2,0, 1 ,0,0,0) . 

^Letting t = i, we can write, the vector equation (11) 
rV the' equivalent matrix form AX = B: 



(12) 



" 0 


0 * * 


1 


- 1 


a ' 


0 


0 ' " 




• 4 


-1 


_o • 


1 


0 


. -2 


0 


_ 0 


-10 


0 



3 
'0 

0 
0 

1 

0 



0 
3 
12 
Q 
o 





u 




2 




V 




M 




w 




4 




X 




0 








0 




: 2 _ 




_ 0 _ 



Accordingly, t*he solution for the t vector equation w^ien 
t = Jl is given by y 



(13) 



u 




0 


0 


1 


3 


0 


V 




-1 


0 


0 


a 


3 


■w 




0 


-35 


4 


0 


<, 12 


X 




-1 


0 


1 


0 


0 


y 




0 


-2 


0 


1 


0 


2 




f~0~ 


-10 - 


0 


0 


~ 2 



2 


-1 


2 


0 




1 


1 




4 


0 




0 


0 




0 


0 




0 



Once again we sjiall turn to the computer for assis- 
tance in solving th£- matrix equation. v Here, however, 'our 
program is somewhat different from that used rn SecljjBn ■ , 
4,1, l£ inv'olveso the transpose of a matrix, that is, the 
matrix that results from a gwen matrix by interchanging 
its rows and columns. (For more on the transpose of a 
matrix see pp. 67-68 of [1].) 
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10 rem'this program IS used in balancing chemical reactions 

20 REM N ,IS Tim NUMBER pF DISTINCT ATOMS OR RADICALS INVOLVED 
*3(^ DIM A(20,20), B(20,l], 1(20*20), J(20,20) i , S(20,l) 
40 riNPUT "N =!'; h - ' 
50 MAT INPUT A(N,N) * . t 

60 MAT I>iPUT B(N,1) * 
70 MAT I = TRN(A) * - ' „ 
80 MAT J = INV(I) , * v • 

90 MAT S = J*B 
10*0 MAT PRINT S * \ 

HOtEflD \ • 3 

Red$y v ' • • - * 

* At -line 50 of this program we input the columns of * 
the 6x6 matrix A of Equation (12). We start with 
(0,-1,0,-1,0,0), the negative of the vector representar 
tion of the- second* reactan$ MnS ? and continue until we 
' finish wi^th the, vector (2,0, 1 ,0,0-, 0) for the last^product 
I^O. At line 60 we' input the vector 'representation , 
(2,l,4*,0,0/O) , of \he reactant H^SC^. (The input/ is pro- 
vided at the keyboard like "the usi^tiN^NPtfT^^Talrement . A 
question mark appears when the computer is ready to re- 
ceive the data. Upon typing in the, value of N and Jut- 
ting the RETURN key, the line feed key can\,be used if^we 
wish to type the vector 'repres^ntat ions on successive 
lines, as shown-in the rows following the inputting *of 
the value' of N. We then hit RETURN after typing in the 
1 a s ty. ro w v'ec tor . ) 

Lines •io, 40, 50, 60 constitute a redimensiojiing of 
, the original matrices. A and B. T{iis allows the'program 
* to be flexible in its application to any electrically' 
alanced equation that involves 20 or fewer atoms or 
radicals. 

Upon typing RUNNH and inputting the value of N and 
the vector components for the reactants and products, the 
program yields the following results: 



EMC . 



li- 



RUNNH 

N =? 6 ' ' * 

? 0,-1,0,-1,0,0 

? 0,0,-$5, 0,-2,-10. 

? i,o,4;i,o,o 

? 3,0,0,0, f,0 _ 
? 0,3, 12,0, 0,'2 
? 2,0,1,0,0,0 
? 2,1,4,0,0,0 

.308725 

.872483E-1 

.308725' 

.1744Q7 

.436242 ^ . 

.583893 

Ready 

From the printout here we see that for t s 1, we ob- 
tain U = \ 308725 ,^v = .0872483 , w = . 308725 , x = . 174497 , * 
y = .436242 , z = .583893*, n which unfortunately are not 
readily recognizable a v s any specific "easy" fractions. 
However, if we divide each variable by the smallest value, 
.namely .G872483 (since in chemical reactions we are pri- 4 
marily concerned with the ratios of compounds), we get a 
second solution whete" \ 

t = 11.46154, . • x = 2.00000, 

u - w - 3 ,53846, ' y =.5.00000, 

\ • • v = 1, z 692 31 , 

V 



to five decimal places 



Now considering a-11 the fractional parts, we find 
that 0. 53846 -'0.46154 = 0.07692 is the smallest differ- 
ence and that (0 .*0769,2) " 1 ="13.000M, so 0.07692 * 1/13. 
Then 0.46154 = 6/13, and 0.69231 = 4/13. ' 

So multiplying our solution through by 13, we find 
the reaction balanced as follows: J 

(14) 149 H 2 S0 4 + 46<MnS + 13 AS 2 (Cr 2 0 ? ) 5 + " ,< 

( - 4 6 HMn0 4 jf 2 6 A-sH 3 + 65 Cr 2 (.S0 4 °) + 87 H 2 0. 

' ,12* 
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* 4*3 Have We Only D.ealt With Very Special Cas es? 

- *Yp*u may have noticed in reading Sections 4.1 and 4.2 
that, to set up the "matrix equations us'ed there, both 
chemical reactions discussed were of the* type \shere the 
0 toj:al number of reactants and products -exceecled the number 

v of atoms and radicals involved by exactly 1. The number 
y .n of radicals aad atoms controls jhe number of linear 
equations involved,, whi le the ^number m of reactants and 
^products controls the number of unknowns. One peed not 
look very far to find*a chemical reaction where n f m + 1. 
In this section we sfrall deal with the case where* n = m. 

To balance the chemical reaction, « 

■ (15) KC*0 3 + C 12 H 22°li * C( V + H 2° + KCZ ' 

. we make the following vector assignments for^toms and 
radicals,: \ 

K = (1,0,0,0,0), C =U(0,0,0,1,0), 

\\ 

'CI « (0,1,0,0,0), H =i:{;0,0,0,0,l). 

0 = (0,0,1,0,0), . \\ 1 - 

^ f We rewrite the chemical reWtipn as a vector equation 

and seek positive integers u , v,w, xfjjy : wi th. no common in- 
teger factor greater than 1 so that)' L 

.(46) t '^(1,1,3,0,0) + v(0,0,ll,12',i^O = : 

w(0,0,2,l,0) ♦ x(0,0,;i;,t),2) ♦ y(l,l ,0,0,0) . 

Setting u = 1 we would like- to' u£e the program of 
Sectioiu4,2, but we do not have the' necessary number, 6, 
of reactants , and products. However, ^ £ we examine the* 
actual linear system of equations > t ..J 4 " ' 

I s Ov + Ow + Ox + 'y, * 

1 « Ov '+ Ow + Ox y , , 

(17) 3 = -llv + 2w + x +< 6y/ . 

0 = - 1 2 v + w+Ox+Oy, - | 

0 = -22v +*Ow + 2x, +' Oy. 



before going to the computer program, we see thatr the 
system is ^epe'ndent . ^ The* first two equations are , 'indent i -* 
cal. • ** 

Here we can readilv recognize an independent system, 
however. It consist of* the four different equations in 
(1**), and we- shall apply our computer progranT-to thi/S J ' 
4*4 system. (If this were not the casejwe could apply 
the program of Section 4.2 to different combinations o*f 
4 equations ^selected from the 5 until we have found an 
independent set of 4 equations which would yield a uniqu6 
solution for the given system of all 5 equations.) 

RUNNU > » 3 

N =? 4 t . 

? 0,-11,-12,-22 , . - ' , 

? 0,2,1,0 . ' ' 

* 0,1,0,2 • - 

? 1,0,0,0 * 

? 1,3,0,0 

.125 . - ' , 

1.5 

1 . 375 

1 <> 

Ready * • ' 

From the printout we see that for u = 1 , we have 

v = '0.125, w = 1 .5, x = 1.375 , *v - 1. * 

Since 0.1?^ =1/8, we can "multiply all the values by 8 to 
balance the reaction as - ' ' 

(18) , ^ 8 KCZ0 3 ♦ C 12 H 22 O n . + 12 C0 2 ♦ 11 H 2 0 * 8 KC* . 

\ 

4.4 The' Non-Unique Case x / - 

For our ^inal application we shall examine a chemi- 
cal reaction where the total "number m of products and "re- 
actants exceeds n + 1, where n is the number of distinct 
atoms and radicals involved' The reaction reads as 
follows: 

(19) CH 2 0 ♦ Ag(NH 3 ) 2 N0 3 + NaOH + 

■ / NaHC0 2 + Ag + NHjV+.NaN0 3 + H 2 0 . 

. - » 14 



With the following vector assignments, . 

C = (1,0,0,0,0,0), Ag«. (0,0,0,1,0,0), . 

H = (0,l,'0,4,0,0) a N = (0,0^0,0,1,0),, ' - 

\, . 0 = (0,0,1,0,0,0), Na.= (0,0,0,0,0,1), . 

we seek positive^ integers s , t , u , v ,w ,x ,y , z > with no* common 
" prime factor, so that - . ^ " > 

(20) 5(1,2,1,0,0,0) + t{0,6,3,l ,3,0) + u (0 , 1 , 1" , 0 , 0 ,4 ) 

• * v(l ,1,2,0,0,1^ + w(0, 0,0, 1,0,0) +* .x(0, 3,0,0, U,0) 

+ y(0;o,3,0,l,l) + 2(0,2,1.^0,0,0) . v." 

* However, unlike our previous examples Equation (*"20) 
leads to a system of 6 linear equations in 8'unknowns, 
which we write in matrix form as 



" 1 " 




0 




2 


« 


6 




1 

t 




3 




s + 




t = 


0 1 




1 




0 




3' 




^ 0 




0 





0 


u 


0 


0 , 


•o 


0 




> 










-1" 


1 


0 


-3 * 


0 


2 


-1 


'2 


0 


. 0 


3 


1 


o . 


0 ' 


1 


0 * 


a 


> 0 


0 


0 


0 


1 


• l 


0 


-1 


1 


o' 


0 


i« 


; 0 



(21) 



The system (21) has aa* infinite number oV solutions, * 
determined by the two parameters s and .t 
(21) as - . / < * 





u 




V 




w 




X 


t 


y 



If wer rewr 1 1 



u 




•o 


1 


0 


p< 


0 


0 


V 




-1 


1 


6 


3 


"o 


.2 


w 




-1 


' 2. ' 


o . 


0 


3 


1 


X 




0 , 


* 0\ 


i 


0 


0 


0 


y 




0 


a 


0 


1 


1 


-'O 














„ z 




-1 


i 


0 


0 


1 


0 



-1 



1 

.2 

Ifo . 



S * 



0 ] 
6 

1 

3 
0 



we can still use the program of Sectio'n 4.2 to assist us, 
but we need*to use it" twice. We use it once to compute 
the product of the inverse matrix with the. column vector 
that precedes, s, and ag^irfvto compute the product o£<th£ ' 
inverse matrix w^th the column vector that precedes^ t. 

: ^ 15 



KUNNH w 




RUNNH 




N = ? 6 


• 


N =? 6 




? 0,-l,-l,0„0,~l 




? 0,-1,-4,0,0,-1 


<■ 


? 1 , 1 , 2 , 0 , 0* 1 




? 1, 1,2,0,0, 1 • 


5 


7 QyOfy; 1,0,0 




? 0,0,0,1,0,0 




? 0/3,0,0, 1,0 




? 0,3,0,0, 1,0 




? 0,0^3,0, 1,1 




? 0,0,3,0,1,1 




* o rt" ^ l n n n 
: U,z,l,U,U,U 




. ? 0,2,1,0,0,0 




o -i ^ i Ann 

. ? l,2„l,*0,0,.O 




? (?;6,5,1,3,0 




* .75 




1.125 " • - 




1 


- 


0 




0 * 




1 




.25 




'i.875 




-.25 




1.125 








.75 




• 

Ready 




Ready * • » 




With these*. 


TO ^11 1 f ^ 


up COO fHiJt" 

W C •> 4 Ilia L 




/u =* 0.7Ss + 


1. 125 1 , 


x = 0.25s + 


1.875t, ' . 






•y = -0.25s + 


1. 125t, 


w *= t , 




2 = 0.5s + 0 


.75t, 



so tKat with s a positive integer mult-iple of 4 and t a 
positive Integer 'multiple of 8 we .can get an integer 
solution balancing the reaction. It ijs now possible, how- 
ever, for two solutions to exist that, are not mulitples <ff 
each other,, in. extras t to what we found in our previous' 
problems-. » f 



\ 



i With s = 4 and t = 8 we can balance the reaction as 
(23) ' CH 2 0 + '2Ag(NH3) 2 N0 3 + 3NaOH 



NaHC0 2 + 2Ag + 4NH 3 



*However, if we choose s 
as 



2NaNO^"#2H 9 0. 



t = 8, the balanced reaction reads 



(24) 8CH 2 0 *+ '8Ag(NH 3 ) 2 N0 3 + ISNaOH * 



8NaHC0 



2 + 8Ag + 17NH, 



7NaN0 



3 '+ *10H 2 0, 



which t is not a multiple o'f the solution in (230- ' T{iis comes 
about .because there'are- 2 independent chemical reactions - 
taking 'place here. * 
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SUMMARY 



Although this module was* developed to provide some 
applications of matrix mathematics, thes,e techniques 
.are, not td be considered as replacements* for suth chem- 
ical methods as oxidation- reduct ion, or the balancing 
of ha-lf-reactions where one learns a great deal about 
why and how reactions do or do not take place, in addi- 
tion to .how to baTante them. For the chemical methods 
^ also enable^ one to learn a- substantial amount about the 
properites of chemical elements.- It is, possible to write 
5own a chemical reaction that- does no-t* take place and 
still balance it by the matrix techniques presented , here ! 
In addition, it must be pointed out again that all' reac- 
tions considered in this module are electrically balanced. 

Considering the example of **Sec ti on' '4 . 2 , one ¥ can also 
see that the techniques 'are theoretically sound but- wit}) 
computer assistance one .can -get into some difficulty with 
round-off errors when larger matrices are inverted by 
the tfomputer. Balancing chemical reactions, without 'compu- 
ter assistance* but with the aid of generalized inverses- 
of matrices is discussed by'TE',V. Krishnamur thy in [3]. 

6, EXERCISES 

^ Balance the" £oTl owing chemical reaction's: 

1) C + HN0 3 N0 2 + H 2 0 + C0 2 

2) FeC^V K 2 Cr ? O yt + HCi - FeC* 3 + CrC* 3 + H 2 0 + KCl 

_ |^ HN0 3 + KMa0 4 + K 2 NaO>eN0 2 ) 6 - Co(N0 3 )' 2 .+ KN0 3 + NaN0 3 

^* o , ^-^^ + Mn(N0 3 ) 2 t^ 2 0 

- 4) [Co(NH 3 ) 5 Z%\Z% 2 M KSOfr-* KCfc + [Co(NH 3 ) 5 SCNjC^ ' 
5) . H 2 0 2 + NaMnQ 4 + HCi MnCJ^ + H 2 0 + 0 2 + NaC* 



ERLC 
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8. ANSWERS TO EXER CISES 
• ' *~ 

1) C ♦ 4 HN0 3 - 4N0 2 + 2H 2 0 + CO^ 

2) 6FeC^ 2 + K 2 Cr 2 0 ? + 14HC* + 6FeCJl 3 + 2CrCJl 3 + 7H 2 0 + 2KCI / 

3) 28HN0 3 + HKMnO^ + 5K 2 NaCo(^0 2 > 6 + $ * 

■ a ^5Co(N0 3 ) 2 '* 21KN0 3 + 5NaN0 3 + llMn'(N0 3 ) 2 + 14H 2 0 

4) . [Co(NH 3 ) 5 a]CJl 2 + KSCM j Kaf/[Co(NH 3 ) 5 SCN]GZ 2 fc , 

5) (s)H 2 0 2 +.(%)NaMn0 4 Mu)HC4 + . . \ 

(v)MnC^ 2 + (w)ii 2 0 + (x)0 2 + (y)NaCJl/ * 

where (u,v,w,x,y) = s(0, 0,1, 0.5,0) + t (3-1 , 1 .5, 1. 25, 1) . For 
r 2, t = 4, the reaction is balanced as 

H 2 0 2 + 2NaMn0 4 + 6HG2, 2MnC£ 2 + 4H 2 q + 30 2 + 2NaC£. 

With s = 10 and t a 4 the reaction can be balanced as 

5H 2°2-* 2NaMn0 4 + 6HC * * 2AiC£ 2 + 8H 2 0 m * SO^ + 2NaC£. ^ 
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